Abstract-A set of representative results are presented that are obtained with two multiresolution strategies developed for dealing with multifrequency inverse scattering experiments starting from the iterative multiscaling approach previously studied for monochromatic illuminations. The first approach is concerned with the integration of the iterative multiscaling algorithm into a frequency-hopping reconstruction scheme, while the second one allows a multiresolution simultaneous processing of multifrequency data. The numerical and the experimental analysis are aimed at assessing both the reconstruction effectiveness and the required computational costs of the two-and three-dimensional implementations of the proposed inversion schemes in comparison with the monochromatic multistep process and to the single-step optimization strategy, as well.
. Reflection coefficient data associated with the two-pole response of water. Data obtained from the integration scheme and from HFSS are presented. See Table I for parameter values.
the necessary confidence in the time integration methodology for any number of relaxations.
I. INTRODUCTION
Microwave imaging techniques are aimed at processing the scattered electromagnetic radiation collected in a noninvasive fashion on an external measurement region for determining the electromagnetic properties of an inaccessible area of investigation.
A key problem related to such techniques is the lack of collectable information on the scenario under test. As a matter of fact, the information content available from the scattering experiments cannot be arbitrarily increased by oversampling the scattered field [1] and, since single-illumination measurement setups do not usually allow a detailed reconstruction of unknown scatterers, multiview and multi-illumination acquisition systems have been proposed for increasing the amount of informative data. In such a context, several works have shown that frequency-hopping strategies (e.g., [2] ) or the simultaneous processing of multifrequency data [3] - [5] can improve the reconstruction capabilities of inverse scattering algorithms.
However, multifrequency strategies have some intrinsic drawbacks to be carefully addressed for realizing effective and reliable inversion schemes. From the point of view of software/hardware resources, the increase of inversion data unavoidably needs of additional computational and storage resources with respect to monochromatic reconstruction methodologies. Moreover, the object function modeling the dielectric and conductivity parameters of the medium varies in relation to the working frequency and according to the dispersion model. Therefore, suitable countermeasures are commonly adopted, which consider a narrow range of frequencies or assume a Maxwellian model for describing the relationship between dielectric parameters and operating frequency (e.g., [3] and [4] ).
On the other hand, even though possible advantages of using multifrequency measures have been deeply investigated in the framework of single-step inversion algorithms, a limited literature deals with the exploitation of multifrequency information through multiresolution strategies [6] . Therefore, this paper is aimed at developing such an issue by investigating how a multifrequency approach can be profitably integrated into a multistep inversion algorithm (IMSA) [7] , [8] previously studied facing monochromatic data. This interest is mainly motivated from the non-negligible advantages that are expected. As a matter of fact, multifrequency strategies based on the IMSA could better exploit the well-known benefits of a multiresolution expansion of the unknown space (e.g., [7] - [10] ) taking into account the enlarged set of information coming from the scattering experiments at different frequencies.
II. MATHEMATICAL FORMULATION
For simplicity, let us refer to a two-dimensional scenario characterized by an inhomogeneous cross section D I lying in a homogeneous host medium ("0; 0) and illuminated by a set of P monochromatic (fp being the working frequency of the pth illumination, p = 1; . . . ; P ) incident electric fields TM-polarized impinging from V different directions (E v;p (x; y) = E v;p (x; y)ẑ; v = 1; . . . ; V; p = 1; . . . ; P ).
The multifrequency information available from the scattered radiation In order to effectively deal with multifrequency data by solving such scattering equations in terms of the unknown contrast function p(x; y); p = 1; . . . ; P , two multiresolution methodologies based on the IMSA will be proposed in the following.
A. Frequency-Hopping Iterative Multiscaling Approach (IMSA-FH)
The first inversion algorithm is concerned with an integration of the IMSA into a frequency hopping scheme. In such an integration the multifrequency data (p = 1; 11; P ) are used in a cascade fashion starting from the lowest available frequency (f = f 1 ). At each stage of the hopping strategy (p = 1; . . . ; P ), a nested multiscaling procedure of Sp optimization steps processes the monochromatic data-set related to the pth frequency. More in detail, the procedure can be summarized as The investigation domain DI is partitioned into Np sub-domains according to the information content of the scattered field 
a.3.I)Multiscaling Profile Reconstruction
Starting from the solution f p;s 01 computed at the previous step
O(s 01) , is defined according to the clustering procedure described in [8] where the resolution level is increased [R s R s + 1]. Therefore a multiresolution representation of the unknowns [8] is looked for as the minimum of a multiresolution cost function defined as in [8] .
a.3.II) Multiscaling Termination
The multiscale process is stopped (sp = S opt p ) < Sp when a set of stability criteria on the reconstruction [7] 
B. Multifrequency Iterative Multiscaling Approach (IMSA-MF)
Unlike the IMSA-FH, the IMSA-MF represents a generalization of the IMSA processing proposed in [7] for the reconstruction of single scatterers and extended in [8] for multiple-objects from single-frequency data. Accordingly, some assumptions on the scattering function (1) and a different data processing are needed. In the following, the distinctive issues of such an method will be briefly resumed.
a) Multiple-Frequency Contrast Function Model:
In order to avoid increasing the number of unknowns, hence compromising the benefits of dealing with multifrequency data, the Maxwellian model for the dispersion relationship is assumed
where the value of the contrast at the pth frequency, p(x; y), is related to that of the reference frequency 
III. NUMERICAL ANALYSIS
In this section, a selected set of representative inversion results are presented and discussed. The aim is to assess the reconstruction capabilities of the proposed multiresolution strategies (IMSA-MF and IMSA-FH) in comparison with the standard IMSA [referred in the following as Single-Frequency IMSA (IMSA-SF)] and with respect to traditional single-step methods. As far as two-dimensional configurations are concerned, both synthetic and experimental data are presented and the limitations in reconstructing lossy structures are discussed. Moreover, as a representative example, the reconstruction of a three-dimensional layered structures is reported, as well.
A. Two-Dimensional Configurations 1) Numerical Testing-Layered Dielectric Profile:
The geometry of the first test case is shown in Fig. 1(a) . A layered cylinder lies at In the framework of the comparative study, the result of the inversion process for the IMSA-MF approach is shown in Fig. 1(b) . As expected, the gray-level image of the object function pictorially points out that the reconstruction of the outer and the inner layer is quite accurate. Such a qualitative impression is confirmed by the values of the error figures defined as in [7] and reported in Table I both for SF and MF strategies. Whatever the frequency used for the IMSA-SF inversion, the IMSA-MF turns out to be better guaranteeing enhanced performances. Successively, in order to generalize these indications, the whole set of simulations in the frequency range between 3 and 7 GHz has been performed. The results are resumed in Fig. 2 As it can be observed, the accuracy of the multifrequency strategy is better than that of single-frequency multiresolution methods.
For completeness, the IMSA-MF has been compared to the IMSA-FH. Moreover, as a reference, the inversion has been performed with single-step conjugate gradient-based strategies (also referred as "bare" approaches since a homogeneous discretization, according to the Richmond's criterion [11] , of the DI has been adopted) both in their frequency hopping (CG-FH) and multifrequency (CG-MF) implementations. In Fig. 3 the dielectric profile retrieved with the IMSA-FH strategy is shown. As it can be noticed (and confirmed by the error values given in Table I ), the IMSA slightly takes advantage of the frequency hopping scheme (carried out by considering the P = 3 different frequencies used for the IMSA-MF).
On the other hand, it should be noticed that multiresolution strategies (IMSA-MF and IMSA-FH) allow a non-negligible improvement of the reconstruction effectiveness in comparison with the corresponding "bare" approaches (Table I) .
2) Numerical Testing-Lossy Profile: The second test case deals with a lossy profile. A square cylindrical structure, whose dimensions The experiments carried out through the IMSA-MF indicate that the object under test is quite faithfully retrieved, even though there is an increasing of the values of the reconstruction errors [ re tot - Fig. 4(a) im tot - Fig. 4(b) ] when the conductivity grows. Moreover, the comparisons with other IMSA-based approaches shows that the IMSA-MF scheme usually improves the effectiveness of the retrieval procedure and the accuracy in reconstructing the imaginary part is lower [ Fig. 4(b) ] than that in dealing with the real part [ Fig. 4(a) ] especially when the FH scheme is exploited. Eventually, one can also observe that the values Fig. 4(b) ] present a peak below = 0:1(S=m). This is due to the difficulty of an accurate reconstruction of the imaginary part when its value is much lower than that of the real part.
Successively, a layered configuration for both the permittivity and conductivity profiles has been taken into account. In particular, the real part of the contrast is distributed as in the test case of Fig. 1(a) while the imaginary part is characterized by an inner layer of in = 0:5(S=m) and an outer one of out = 0:1(S=m). Such a reference profile has been reconstructed with the IMSA-MF and the results reported in Fig. 5 . As it can be noticed, the layered distribution has been satisfactorily imaged. Moreover, in order to give a wider overview on potentialities and current limitations of the proposed strategies, the behaviors of the error figures when varying in and out from 0:0(S=m) up to 0:5(S=m) are shown in Fig. 6 . As expected, they confirm that the accuracy in estimating the conductivity distribution is lower than that in retrieving the permittivity profile ( re tot < 3:8% while im tot < 11%).
3) Experimental Testing-Multiple Scatterers:
In order to further assess the indications drawn from the synthetic testing, an experimental validation has been then performed. The scattering data are kindly available from the Institute Fresnel in Marseille (France) and the configuration of the measurement set-up has been carefully described in [12] . The measurements have been collected in the frequency range from 2 and 10 GHz at M v;p = 241 positions for each of the V = 18
illuminations. As a representative benchmark, the TM-polarized data concerned with the so-called " FoamDielExtTM" geometry [12] have been processed. In such a test case, the scatterer under test is composed by two cylinders characterized by object functions: 1 = 0:45 and 2 = 2:0.
As far as the comparative study is concerned, let us consider as reference results those obtained processing monochromatic data at different frequencies and presented in [13] ). Concerning the IMSA-MF, the inversion (Fig. 7) has been carried out by using P = 4 frequencies in the range between f min = 2 GHz and f max = 5 GHz with a frequency step of 4f = 1GHz.
From a qualitative point of view, the gray-level plot confirms that the use of multifrequency data improves the accuracy of the reconstructions with respect to those obtained in [13] .
B. Three-Dimensional Configuration
This section presents some representative results and considerations on the reconstruction of three-dimensional multilayer structures from multifrequency data. In such a case, the investigation domain is a cube L ind = 1:2-sided and it has been illuminated by V = 4 plane waves cubic cells and a 3-D frequency hopping scheme has been adopted (P = 2 0 f1 = 1 GHz, f2 = 2 GHz). The retrieval obtained at the second hop (s 2 = 2) of the IMSA-FH (Fig. 9) clearly points out the layered structure of the object under test. The use of the hopping scheme together with the multiscaling approach improves the accuracy of the reconstruction procedure On the other hand, it should be pointed out that certainly the simultaneous processing of multifrequency data would allow a further improvement of the reconstruction accuracy, but this would unavoidably require additional computational resources. In order to limit the impact of such an issue in multifrequency approaches, fast and efficient numerical methods are needed to be fully exploited through a multiresolution allocation of the unknowns. As a preliminary indication of such a possibility and of the arising advantages, let us consider the reconstruction of the previous scattering scenario when both the imaginary and the real part of the contrast function are unknown. By considering a "bare" single frequency approach ( 
IV. CONCLUSION
In this paper, starting from a set of representative test cases, a comparative assessment of two multiresolution approaches exploiting multifrequency data has been carried out. The objective was that of giving some indications on the most suitable strategy able to improve in a non-negligible fashion the reconstruction accuracy with a reasonable amount of computational resources compared to that of single-step methodologies. As a matter of fact, unlike the IMSA-FH, the IMSA-MF provided numerical proofs of the enhanced effectiveness in processing multifrequency information. Moreover, the numerical and experimental analysis pointed out current limitations of the proposed approach in reconstructing lossy profiles and the computational needs of the three-dimensional multifrequency multiscaling procedure that, even though demanding, is considerably more effective than the single step procedure. Eventually, great care should be exercised in choosing the illumination frequencies and in determining the informative amount of multifrequency scattering data. As a matter of fact, such issues strongly affect the performance of each multiresolution multifrequency procedure since they plays a key-role in allowing a good tradeoff between suitable resolution level in the reconstruction, occurrence of local minima, and ill-conditioning of the whole inversion.
